We come back to a non linear integral equation satisfied by the function H, which is distinct from the classical H-equation. Established for the first time by Busbridge (1955) , it appeared occasionally in the literature since then. First of all, this equation is generalized over the whole complex plane using the method of residues. Then its counterpart in a finite slab is derived; it consists in two series of integral equations for the X-and Y -functions. These integral equations are finally applied to the solution of the albedo problem in a slab.
Introduction
This paper originates in a work by Busbridge [1] on the calculation of the classical X-and Y -functions of transfer theory. A non linear integral equation for the H-function is proved in this article, that is not the classical H-equation: see Eqs. (5.6)-(5.7) in [1] , hereafter Eqs. (27) and (29) . In the second of a series of papers submitted for publication [2, 3, 4] , we deduced Busbridge's equation from the properties of the N-function, which can be seen as the "heart" of the H-function. The simplifying role of Busbridge's equation for solving the singular H-equation was stressed in Sec. III-A of [3] . It also clarifies the solution of the albedo problem, yielding the surface field from the internal field of a half-space illuminated from outside. It thus provides the link between the internal and the surface solution to the albedo problem in a half-space. Considering the importance of Busbridge's equation in semi-infinite geometry, it is tempting to generalize it in the finite case and examine the consequence it has on the albedo problem in a finite slab: this is the object of the present article. After a reminder on the classical functions H, X and Y (Sec. 2), we come back in Sec. 3 to Busbridge's H-equation. This equation is generalized to the complex plane and proved by the method of residues. This approach is then continued in a finite slab, which leads to two series of integral equations for the X-and Y -functions (Sec. 4 ). An application to the slab albedo problem is proposed in Sec. 5.
Classical integral equations for the H-, X-and Y -functions
We consider a slab of constant volumic albedo a ∈]0, 1[ and optical thickness b (0 < b ≤ +∞), where light scattering is isotropic and monochromatic. The auxiliary functions describing the radiation field depend on the a-parameter in a half-space (b = +∞), and on the a-and b-parameters in a finite slab. This dependence is always explicitly mentioned.
Integral equations for the H-function in a half-space
We introduce the dispersion function for the adopted scattering law
which describes the multiple scattering of photons in an unbounded medium. This function is defined in the whole complex plane C, except at ±1, provided that the integral is calculated in the sense of the Cauchy principal value when z ∈] − 1, +1[. When 0 < a < 1 the characteristic equation T (a, z) = 0 has four non zero roots in C, namely two pairs of opposite real numbers since the T -function is even [5, 6] . They are denoted by ±1/k (0 < k < 1) and ±1/K (0 < K < 1). The important root k in ]0, 1[ is calculated by solving the transcendental equation
which has an exact solution k = k(a) [7] . The H-function may be defined as the unique solution, analytic in the right complex half-plane, of any of the following integral equations
(the integral is a Cauchy principal value for z ∈] − 1, 0[).
Putting z = +1/k and z = +1/K into Eq. (4) and observing that the Hfunction does not diverge at these points, one obtains 1
Equation (3) then shows that H diverges at z = −1/k and z = −1/K. This equation also defines the extension of the H-function in C \ {−1/k, −1, −1/K}, and we have for any z in
Equation (4) reads also, for any z
which allows to extend H by continuity at z = −1: H(a, −1) = 0. Finally, it follows from Eqs. (3) and (5) that for any z in C \ {±1/k, ±1, ±1/K}
Equations (7)- (9) are the regular H-equation [8] , the singular H-equation [9] , and the factorization relation [10] respectively. We refer here to those papers where, to our knowledge, each equation can be found for the first time.
The behavior of the H-function at infinity is required in Sec. 3. We recall that
as can be seen by putting z → ∞ in Eqs. (4) and (5), observing that T (a, ∞) = 1 − a.
Integral equations for the functions X and Y in a finite slab
The X-and Y -functions are defined in C * = C \ {0} and related by
They are the unique solution, analytic in the right complex half-plane, of coupled integral equations involving the auxiliary functions
defined over C \ {−1}. These equations are either the regular X-and Yequations [11] X
or the singular X-and Y -equations [9] 
We have furthermore the relation [12] 
which generalizes the factorization relation (9) for semi-infinite media. Let b go to infinity and suppose that Re(z) > 0, where Re(z) is the real part of the complex number z. Then X(a, b, z) → H(a, z) and Y (a, b, z) → 0, so that Eqs. (14) , (16) and (18) yield Eqs. (3)- (5) again respectively. Equations (15) and (17) reduce to 0 = 0. The behavior of the functions X and Y in a neighborhood of 0 and at infinity follows immediately from Eqs. (16) and (17) . Let z tends to 0 in these equations. Then T (a, z) and 1 − ξ X (a, b, z) tend to 1, and
Consequently 
where α 0 (a, b) and β 0 (a, b) are the moments of order 0 of the X-and Yfunctions [13] , and Das [14] wrote a version which needs simplification. It appears also in the Appendix D of [15] . The domain of this equation has been extended to the real axis in [16] and to the complex plane in [17] and [3] . In the two references mentioned at last, it is noted that Busbridge's equation clarifies the albedo problem, since it allows deriving the surface source function from the internal one, a result we intend to generalize in a finite slab (Sec. 5).
Here we summarize the method used in [16] and [17] , which is based on the residue theorem. It is well-suited to the main aim of the present paper -the generalization of Busbridge's equation in a finite slab -since it still holds in the finite case. It consists in integrating the function
which arises when skirting the ] − ∞, −1[ cut, and the coefficients
related to the pole z = −k within the contour. We recall that k = k(a) is the unique solution in ]0, 1[ of the transcendental Eq. (2). It follows from the residue theorem that, for
where
is a notation we adopt hereafter. This equation is still valid at z = −1, provided that H(a, z) is replaced by its extension by continuity at z = −1, which is 0. Hence the exact value of the integral a 2
For z = u ∈] − 1, 0[, the left-hand side of Eq. (27) must be replaced by (gT /H)(a, −u) because of the presence of the pole 1/u on the cut ] − ∞, −1[. Moreover, the integral on the right-hand side of Eq. (27) has to be calculated in the sense of the Cauchy principal value (symbol f ). Hence
which yields Eq. (28) again as u → −1 on the right. Finally, Eq. (27) can be extended by continuity at z = −1/k by
where H ′ (a, +1/k) is the derivative of the H-function at +1/k. It can be deduced from the derivative of the H-equation (7) with respect to z. Letting z → ∞ into Eq. (27) and using Eq. (10), we obtain
A new series of integral equations can be deduced from the previous one by substracting the above equation to Eqs. (27)- (30): see Sec. III-B of [3] . The equations demonstrated by Busbridge [1] are (27) and (29) . Equation (27) is also in Refs. [13, 14, 15, 16, 17] . Equation (29) was retrieved in [16] and [17] , which contain also Eqs. (28), (30) and (31) . The whole set of equations and their immediate consequences is derived in [3] from a preliminary study of the N-function [2] . Our focus now is to write the counterparts of Eqs. (27)- (31) in a finite slab (Sec. 4), then to investigate some application for the solution of the albedo problem (Sec. 5).
The finite case: integral equations for the X-and Y -functions
These equations can be proved by the method of residues, using the same contour as in the semi-infinite case (Fig. A1 in [16] ). Just integrate the functions
due to Eqs. (16)- (17) . This transformation overcomes the difficulty arising from the divergence of the functions
At z = ±1, Eqs. (34)- (35) still hold, provided that 1/T (a, z) is replaced by 0 in both members of the first equality. This simplification has to be done in the left-hand side for z = +1, and in the right-hand side for z = −1. One has, at z = +1
and at z = −1 
and putting z → +1/k
It is possible to eliminate the derivatives at ±1/k of the functions ξ X and ξ Y which appear in these four equations. Just use the derivative, at ±1/k, of Eqs. (16)- (17), remarking that (47) and at z = +1/k
k). The latter two identities follow from Eqs. (16)-(17) at
−1/k. Therefore, at z = −1/k X(a, b, −1/k) − (1/k)R(a, k)ξ ′ Y (a, b, −1/k) exp(kb) = R(a, k) {kb[1 − ξ X (a, b, +1/k)] − (1/k)ξ ′ X (a, b, +1/k)} , (46) Y (a, b, −1/k) − (1/k)R(a, k)ξ ′ X (a, b, −1/k) exp(kb) = − R(a, k)[kb ξ Y (a, b, +1/k)] + (1/k)ξ ′ Y (a, b, +1/k)],X(a, b, +1/k) + (1/k)R(a, k)ξ ′ Y (a, b, +1/k) exp(−kb) = R(a, k)[−ξ Y (a, b, +1/k)kb exp(−kb) + (1/k)ξ ′ X (a, b, −1/k)], (48) Y (a, b, +1/k) + (1/k)R(a, k)ξ ′ X (a, b, +1/k) exp(−kb) = R(a, k) {[1 − ξ X (a, b, +1/k)]kb exp(−kb) + (1/k)ξ ′ Y (a, b, −1/k)} . (49)
Inserting these equations into Eqs. (42)-(45) leads to
It is now possible to eliminate the derivatives appearing into Eqs. (42)- (45) by calculating them with the help of Eqs. (50)- (53), which gives
These expressions do satisfy relation (11) , as it should. Some additional equations involving the functions ξ X and ξ Y can be derived by letting z → ∞ in the second equalities (34)- (35), using Eq. (22) and observing that T (a, ∞) = 1 − a. These are
Subtracting these equations from Eqs. (34)- (35) and their extension at ±1 and ±1/k leads to a new series of integral equations for the functions X and Y (not written here). Equations in this series generalize the ones for the function H in a half-space, and Eqs. (27)- (31) are retrieved by letting b → +∞ into Eqs. (34), (38), (40), (50) and (58) respectively. Note that the H-function is nowhere involved in these equations. The auxiliary functions of finite spaces can thus be calculated without first deriving those for semi-infinite spaces. Equations (40)-(41) are the simplified version of two equations derived by Danielian [18] in application to Rogovtsov and Samson's calculation of the resolvent function in a finite slab [19] . These equations are, for u > 0, Eq. 
Application to the albedo problem
In this section, we consider the "restricted" albedo problem, which consists in finding the source function of the diffuse field within a slab illuminated from outside. The calculation of the specific intensity is left aside. It is supposed that parallel rays are incident on the top surface τ = 0 at an angle arccos u 0 to the inward normal (0 < u 0 ≤ 1), with unit flux per unit area normal to the rays. Since the mean intensity of the direct field at level τ is (1/4π) exp(−τ /u 0 ), the source function for the diffuse field is given by
where the function B = B(a, b, τ, z) is solution to the following integral equation
with parameter z ∈ C * . E 1 is the first exponential integral function as defined by
. There are many analytical methods for solving the above equation. The oldest one, which is possibly the most direct, originates in Ambartsumian's solution to the problem of diffuse reflection of light in a half-space [8] . His approach was generalized by Busbridge to a finite slab [20] . A modern version of this method, which applies to complex values of the z-parameter, is described in Sec. 3 of [21] . Ambartsumian's pioneer paper contains the first expression of the B-function on the boundary layer of a half-space, viz.
In the finite case, it seems that the surface values of the B-function have been given for the first time by Busbridge, who found in [20] B(a, b, 0,
The B-function may be calculated within the slab using the following relations, valid for any z ∈ C * as seen in [21] . In a semi-infinite medium, Eq. (61) has a solution as long as z ∈ C * satisfies the condition Re(1/z) > −k. This solution is
where the Heaviside function Y is extended by 1/2 at 0: Y(0) = 1/2. The η-function is defined for τ > 0 and z ∈ C * by η(a, τ, z) = 1 2iπ
and it is extended by continuity at τ = 0 [21] . In a finite slab, one has for z ∈ C *
for any τ ∈]0, b[ and z ∈ C * . These functions can be extended by continuity at τ = 0 and τ = b [21] . Integrals in the right-hand side of Eqs. (65), (67) and (68) are calculated along the imaginary axis in the sense of the principal value at infinity, i.e. +i∞ −i∞ = lim X→+∞ +iX −iX . These are also Cauchy principal values when z is on the imaginary axis. All integrals can be transformed by the method of residues for the numerical evaluation of the functions η, η X and η Y . In the semi-infinite case, details on this classical transformation can be found in [16] and [17] . In the finite case, the calculation is detailed in [17] . The results include the function g(a, v) and the coefficients R(a, k) and S(a, k) as defined by Eqs. (24)- (26) . One obtains, in a semi-infinite medium
for z = u ∈]0, 1[, and
at z = +1/k. In a finite medium, we need only the expressions of the η X -function, since
due to Eqs. (67)-(68) and (11) . These are: . The latter ones for the X-and Y -functions generalize and simplify two integral equations derived by Danielian [18] . These integral equations clarify the slab albedo problem (61), since they show that its internal solution simplifies on the boundary layers into the surface solution. Contrary to Danielian [18] , we consider that these integral equations are of little interest for computing the functions H, X, Y , ξ X and ξ Y . The H-function can be easily evaluated from one of its many analytical expressions. This approach is particularly interesting in strongly scattering media. The best way we know to compute the functions X, Y , ξ X and ξ Y is that developed by Busbridge [1] and Mullikin et al. [33, 34] . The four functions are derived from some simpler auxiliary functions that solve Fredholm integral equations with regular kernels. This approach is that of Danielian himself in two important papers [35, 36] he published after Ref. [18] . It was also developed in Ref. [17] , which contains ten-figure tables of the functions in question.
